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Introduction
There is a wide range of interesting applications for the guiding of intense laser pulses in plasma [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . These include the control over the quality of electrons accelerated in laser wakefield accelerators [11] [12] [13] [14] , particularly the reproducibility of the electron bunch energy and pointing stability [13] [14] [15] [16] [17] . In addition, studies of betatron oscillation x-ray emission from these plasmas require reproducible conditions [18] [19] [20] .
In shock ignition inertial fusion [21] [22] , the deuterium-tritium fuel is compressed to high density using a shaped laser pulse designed to assemble the fuel on a low adiabat. About 300 ps before the stagnation point, a strong shock is launched by an additional 'ignitor' laser pulse. This has an irradiance I λ 2 ≈ 7 × 10 14 W cm −2 µm 2 . The conditions for ignition in the fuel are obtained after collision of the strong shock (driven by the action of the additional laser pulse) with the return shock, which is the outward moving shock associated with the rising pressure in the central hot spot. This scheme combines the advantages of smaller in-flight aspect ratios, leading to reduced hydrodynamic instability growth, with larger fuel mass and thus high fusion energy gain. Most importantly, no additional large-scale changes are needed to existing largescale facilities, particularly the National Ignition Facility (NIF) and Laser Megajoule (LMJ).
In fast ignition inertial fusion [23] , one can choose between several options to deliver the high-intensity ignitor laser pulse securely to the compressed targets. Firstly, the ignitor pulse can be guided to the target core by a cone insert. Good results have been obtained through this method [24] , but there are several important drawbacks. The cone material needs to have a large mass density, and high-Z materials are usually employed, but these lead to large energy losses via bremsstrahlung emission and there is the potential for contamination of the fusion fuel with high-Z matter ablated during the compression stage. An alternative method is to use a ∼100 ps relativistic intensity laser pulse to drill a channel through the outer layers of tenuous plasma surrounding the compressed core. Once a fairly clean, straight channel has been created this way [25] , the ignitor pulse can be launched down this channel, and be guided straight to the compressed core. This removes the need to use high-Z components in the target completely, and also solves the issue of target alignment, as the channel is only drilled after the target has been positioned and the target itself can be spherically symmetric.
The latest experimental studies devoted to channel formation in under-dense plasma have revealed unique and interesting features associated with the use of relatively long pulse duration ( 10 ps), relativistically intense laser pulses [26] [27] [28] . These include clear demonstrations of channel formation at 10 18 and 6 × 10 19 cm −3 background electron densities; surface wave formation at the channel walls; unusual (prolate-spheroid) structure of post-soliton plasma cavities formed during the interaction, bifurcation of the channels; and multiple-filamentation of the laser pulse after it has propagated some distance into the plasma.
Filamentation of laser pulses under both high and lower intensity conditions has been studied for many years owing to its importance in all variations of inertial confinement fusion research. The filamentation instability shares many features with stimulated Brillouin scatter [29] . It has the same dispersion relationship, but in this case it occurs in a plane orthogonal to the propagation vector of the laser light wave.
Filamentation can be triggered by various mechanisms [30, 39, 40] . For short pulses at a relativistic intensity (a 0 > 1), a relativistic mass increase of the electrons in the laser pulse is the dominant effect. Such a mass increase lowers the (relativistic) plasma frequency and thus the refractive index of the plasma. Laser intensity fluctuations then lead to fluctuations in the refractive index, which feeds back into the laser propagation and triggers filamentation. For longer pulses, there will be a competition between ponderomotive filamentation and thermal filamentation [30] . The ponderomotive force that a laser pulse exerts on the plasma tends to push electrons away from the regions where the laser intensity is highest. This leads to a localized decrease in the plasma frequency and thus the plasma refractive index. Once again, this feeds back into the laser propagation in a way that triggers filamentation. For dense plasma with a high collision rate, the ponderomotive mechanism is less effective. In that case, much of the laser energy will be absorbed by the plasma through collisional effects. This causes localized heating and expansion of the plasma, and thus a decrease in plasma frequency, in those regions where the laser intensity is highest. Filamentation is then triggered in a similar fashion as for ponderomotive filamentation. It has been shown [30] that thermal filamentation will be dominant over ponderomotive filamentation when the electron mean free path length is less than 6% of the filament width.
The laser and plasma conditions investigated in this paper are such that the filamentation is predominantly ponderomotive. In that case, the criteria for significant growth of the thermal filamentation instability can be written as [30] 
where v 0 = c 2 k 0 /ω 0 , c is the speed of light, k 0 is the wave number of the laser field, v Te is the electron thermal velocity, ω 0 and ω pe are the laser and electron plasma frequencies, λ mfp is the electron mean free path and γ T = . One can estimate that even for 1 keV plasmas and ω 0 /ω p = 2, corresponding to the coronal plasma temperature for irradiances of I λ 2 ≈ 10 13 W cm −2 µm 2 , there is a significant probability of thermal filamentation growth for low-Z plasmas. In this paper, however, filamentation and bifurcation of laser pulses are studied for ω 0 /ω p = 10, and in that case thermal filamentation can be neglected with respect to ponderomotive filamentation.
While most studies of filamentation of laser pulses concentrate on fluctuations in the laser pulse intensity, a detailed analysis of the simulations employed in [26] revealed that ripples in the phase fronts of the propagating laser pulse also play an important role. Fluctuations in (the position of) the phase front can cause different parts of the laser pulse to interfere either constructively or destructively, and can eventually cause the laser pulse to break up into two or more strands. An initial investigation of this effect was carried out in [26] to explain the bifurcation of a laser pulse in a hole-boring experiment. In this paper, we intend to explore the influence of phase front fluctuations on bifurcation and filamentation in more depth.
Given the recent interest in utilising high-intensity interactions for these applications described above, a renewed study of this topic is required. In section 2, a simple quasi-static analytical model is introduced that explores the role of phase changes induced by density gradients as an intense laser pulse propagates in plasma. The results of this model are compared with two-dimensional (2D) particle-in-cell (PIC) simulations and good agreement is found between them. A number of factors are identified as important: the larger the phase change that is induced as the beam propagates, the faster filamentation occurs; the larger the transverse gradient in phase across the wave front, the faster the beam breaks up; and finally once a phase change is induced, filamentation occurs instantaneously. Most importantly, the study reveals that filamentation does not occur in sufficiently narrow sharp channels that are dominated by self-focusing. In section 3, experiments are described in which the threshold for the thermal filamentation is shown to occur for irradiances on the target of I λ 2 ≈ 10 14 W cm −2 µm 2 . In section 4, applications of these results are discussed with respect to channel formation for fast ignition inertial fusion, as well as for scaling shock-ignition experiments to full scale at NIF and LMJ. The results of the combined study are summarized in section 5.
Quasi-static model for filamentation
In this section, a background to the development of the quasi-static model is provided. In this model, a low-intensity laser pulse propagates through a plasma with a prescribed density profile (a channel), obtained from 2D PIC simulations of hole boring by relativistic laser beams. The quasi-static model is then presented and is used to explore the deformation of the phase front of the laser beam caused by the transverse plasma density variations across the channel, and the effects of these phase changes on beam filamentation. The model's predictions are then compared with the results of 2D PIC simulations.
The starting point for this model is the interaction of a 25 ps duration (a 0 = 1) relativistic intense laser pulse at the edge of an under-dense plasma using an f/3 focusing optic. Previous studies [26] have shown that a channel is formed in the plasma by the following mechanism. During the first eight picoseconds, the laser pulse heats the plasma locally at the focal plane, before defocusing. After this time, a small region (smaller than the focal spot) begins to respond hydrodynamically and expands radially outwards. This provides a gradient in density that starts to self-focus the incident laser pulse. The channel then begins to form and rapidly extend into the plasma, far beyond its Rayleigh range. After a certain distance, the channel splits and the laser pulse divides into a number of channels. This is due to the beam propagating through regions of different plasma densities, associated with the formation of the channel walls.
Three factors in the deformation of wave fronts that may affect beam break-up were proposed and investigated: (i) the size of the phase difference ( phase), (ii) the gradient or sharpness of the phase difference phase x and (iii) the distance for which the wave travels with this discrepancy (y).
Through the quasi-static model described below, as well as PIC simulations of lowintensity laser beams propagating through plasma with a prescribed density profile, the relative influence of these three factors on the occurrence and extent of laser beam filamentation has been determined. We know from examples in experiments and OSIRIS simulations that a combination of the first two factors is required for beam break up-a deformation of a wave front by a phase difference of π (distance ( 1 2 )λ) has no effect when spread gradually across a wave front thousands of wavelengths wide. Equally a sharp phase difference of a small fraction of π will not cause filamentation.
Further evolution of the central beam leads to its own break-up and its energy is equally distributed to the two outer beams, resulting in bifurcation of the channel. The position of the bifurcation point also moves rapidly, and a single channel can be re-established after sufficient time.
In the quasi-static model, a plasma profile is used that was taken from a PIC simulation in [26] . In that simulation, a 1.3 × 10 18 W cm −2 laser pulse with a 10 µm focal spot diameter bored a channel in a 300 µm plasma slab at 1% of the critical density. The following function was used to reproduce the charge density spatial profile from that simulation:
where
When modelling of exponential ramp (mimicking an expanding plasma halo) was required, f(x,y) was multiplied by a ramp factor for y less than the scale length of the ramp (L ramp ):
This profile is shown in figure 1 . Frames (a) and (b) show the full, 2D extent of the modelled profile f(x,y). Frame (d) shows a cross-section of the channel profile at x 1 = 5500. Frame (c) shows a cross-section taken from a typical PIC simulation of channel formation [26] for comparison.
The quasi-static model follows from a consideration of the phase of the wave, φ, which is expressed as the total number of radians through which the wave has travelled. For an electromagnetic wave travelling through plasma with a constant electron density (and hence constant ω p ) in the direction of wave propagation, φ = 2π L/λ = k L. After travelling a distance L into the plasma (and because k = 2π/λ = ω
). When one then considers the phase differences caused by plasma, δφ, one defines the relative phase of the wave at a distance x into the plasma as the phase at which the wave would be if it were travelling through a vacuum for distance x minus its actual phase. Hence,
Also, as ω p varies with the distance travelled in the direction of wave propagation L, one integrates the function with respect to L δφ = One is now able to estimate the phase change that a wave travelling through a 2D slice of plasma experiences by combining (2) and (4)
where y is the direction of wave propagation. In order to verify the predictions of the quasi-static model, a sequence of PIC simulations has been carried out using a reduced laser intensity of 1.3 × 10 14 W cm −2 , corresponding to a 0 = 0.01. This intensity is sufficiently low for the laser pulse not to significantly perturb the plasma, while the effect of the plasma density profile on laser pulse propagation is faithfully preserved. The parameters of these simulations were as follows: the background plasma density was 0.01n cr , laser wave length was 1 µm, spot diameter was 10 µm, plasma channel profile was as given above, the box dimensions were 7825 × 3016, in units of c/ω p , and the time at which the snapshots were taken was 7519, in units of ω )x, y)]. One can clearly see that the greater phase discrepancy between wave fronts, caused by a greater plasma density, causes the beam to bifurcate much faster. This also causes the beamlets to be more focused and intense, as shown by the red colours of the wave fronts. Figure 2 (c) shows a transformation that shrinks the transverse axis by a factor of 2, increasing the transverse spatial gradient of phase change but keeping the other factors constant [f(2x,y)]. This requires consideration of the competition between increased self-focusing and the effect of the larger gradient. Comparison of figures 2(a) and (c) provides compelling evidence that the larger gradient does indeed cause the beam to bifurcate faster. If this were not the case, then the increase in self-focusing would mean that the beam would split much more slowly. Hence, this demonstrates that the larger gradient of phase change increases the bifurcation speed.
We also simulated the propagation of the filamented laser beam in vacuum, as a control. As expected, no further filamentation was observed in this case. Figure 3 shows the same simulations that were used to illustrate effects of a gradient (figures 2(a) and (c)), but this time viewed further into the plasma. The sharp, narrow channel of f(2x,y) creates self-focusing effects so powerful that the bifurcated beam is unable to diverge and is focused back down into a single beam. As discussed in section 1, filamentation can be very unhelpful for most applications and this observation shows that under certain conditions, i.e. with a sufficiently narrow, steep sided channel, the beam will be unable to escape; this has important implications that will be discussed in section 4.
Experiments and results
The experiments were conducted on the Nd:glass laser Vulcan [32] in both six-beam cubic and four-beam planar geometry, illustrated in figures 4(a) and 5(a). In the first case, the laser was arranged in six-beam cubic symmetry using f/2.5 lenses, but without phase plates. The laser beams overlapped hollow plastic shell targets of 486 µm diameter and 8 µm wall thickness, coupled with a hollow gold-cone insert. This experiment was designed to study the compression and fast electron energy coupling in cone-guided fast ignition [33] . The results of that study are reported elsewhere [34] . The laser delivered 1.0 kJ of 1053 nm laser radiation in 1 ns pulse duration to the target, providing an intensity on the target of I λ 2 ≈ 1.3 × 10 14 W cm −2 µm 2 . The pinhole camera had a 10 µm diameter pinhole which was located 8 cm from the target and had a magnification of ×5. The x-ray images were recorded in a Kodak DEF film. A 25 µm-thick beryllium film filtered the x-rays such that only those photons with energies above 1.0 keV were transmitted. Figure 4(b) illustrates that filamentation can occur under these conditions, but was observed to occur in only 10% of the dataset obtained.
In the second case, the laser was focused onto planar plastic targets with four laser beams using f/10 lenses, as illustrated schematically in figure 4(a) . This experiment was designed to study channel formation in under-dense plasma for fast ignition [25] . The results of that study are also reported elsewhere [28] . Each beam was equipped with a phase plate to improve the overall irradiation uniformity. The focal spot was 780 µm diameter, providing an irradiance on the target of I λ 2 ≈ 1.7 × 10 14 W cm −2 µm 2 . In this case, two x-ray pinhole cameras were used. The first one looked directly above the target and the pinhole (comprising a 10 µm-diameter pinhole in a platinum substrate) was located 10 cm from the plasma with a magnification of ×4. The second one also had a 10 µm-diameter pinhole, but was positioned to view the plasma at 60
• from the target normal. It was located 7.5 cm away, providing a magnification of ×5.6. In both instruments, Fuji BAS-TR image plates were used to record the x-ray images and were filtered with 25 µm-thick beryllium to record x-ray above 1.0 keV. Evidence for thermal filamentation is shown in figures 5(b) and (c).
It is clear from these observations that, as expected, the threshold for significant growth of the thermal filamentation instability lies in the region I λ 
Discussion
In this section, the limitations of the experiments and the quasi-static model are discussed before exploring the implications of channel formation for fast ignition and wakefield accelerator studies. The applications of the scaling of the shock ignition scheme to NIF and LMJ are then described. The first assumption of the quasi-static model is that the plasma is considered static with time. This is not a problem as the speed of light in plasma is close to its vacuum velocity, and hence over the distance and time scales considered, the plasma density cannot change significantly. The second assumption is that self-focusing effects are neglected in the model. However, this is not a problem as these are included automatically in the OSIRIS simulations. This allows one to infer the essential physics by comparing both the models. The third assumption is that laser pulse propagation in channels formed by relativistic intense laser pulses behaves in a similar fashion to lower intensity cases. This limitation of the model means that it can only be used to study propagation in preformed channels where the refractive index gradients are determined by the background plasma profile itself, rather than the increase in rest mass of electrons expelled as a result of the ponderomotive force.
Having said that, it is worth reiterating the knowledge gained from the model and the comparisons with OSIRIS simulations. These are: larger changes in δφ implies faster beam breakup; gradient (dφ/dx) implies faster beam break-up; beak-up effects caused by δφ happen almost instantaneously; and filamentation does not occur in sufficiently narrow sharp channels.
These results imply that the use of a faster focusing optic, or the use of shorter wavelength pulses with similar a 0 and f-number, will prevent bifurcation and channel splitting. This could have implications for laser wake-field accelerator studies where long propagation distances in plasma are required. In this case, the channel formation pulse would be followed by an ultrashort pulse to excite the blow-out/bubble regime. The results also suggest that there is an option for guiding the heating pulse for fast ignition inertial fusion, when integrated target designs require reduced channel formation pulse duration. Certainly, the results are consistent with electron acceleration experiments using dual-collinear laser pulses [17] .
An experimental study, reported in the early 1980s from Moscow's Lebedev Institute, revealed that extensive filamentation in coronal plasma did occur for low-Z plastic targets, in agreement with those expected from equation (1) . In their case, spherical plastic shell targets were irradiated using the 1 kJ/1 ns/1053 nm DELFIN laser facility with irradiances on the target of I λ 2 ≈ 5 × 10 13 W cm −2 µm 2 [35] . Of course, those experiments were conducted before the invention of phase plates in 1985 which provide a more uniform spatially irradiation pattern in the focal plane [36] , and smoothing by spectral dispersion (SSD) [37] . The experiments described in section 3 have shown that the threshold for the filamentation instability is, as expected, in the range I λ 2 ≈ 10 14 W cm −2 µm 2 (three times higher than the earlier Lebedev results). Because the filamentation instability is convective in nature, the filamentary structure amplifies as it propagates through the plasma, making it a dangerous instability in longscale length plasmas. It is also less affected by density gradients than the normal three-wave instabilities, and therefore adding additional temporal smoothing techniques, such as 2D SSD, despite reducing the growth rate slightly, cannot control it entirely.
Of course, preliminary experimental studies of shock ignition have been conducted at the OMEGA laser facility at the University of Rochester and have generated some encouraging and positive results [22] . In particular, cryogenic deuterium-tritium shells generated areal densities close to one-dimensional predictions and about 12% of the predicted fusion yield. It is interesting to note that the adiabatic compression was accomplished by uniformly irradiating the target with 40 of the 60 beams, while the final shock was formed by focusing the remaining laser beams onto the critical surface with much smaller focal spots, in this case 50 µm diameter. As a result, no filamentation of the target was observed in x-ray imaging. One can understand this in light of the reduced growth of the filamentation instability in restricted channels described in section 2, figure 3 .
However, when one scales the shock ignition scheme from OMEGA to LMJ or to NIF, then one finds that the critical density surface is located 400-500 µm from the target centre when the shock ignition pulse is first introduced. Near spherical illumination is needed to deliver the intensity required for driving the shock from there. This risks growth of the filamentation instability, particularly given that the intensity requirement is well above the threshold confirmed here in this paper. Therefore, it is recommended that the shock ignition pulses are focused into tight beams in the coronal plasma, possibly at the edge of the original target surface (similar to the OMEGA laser case), to avoid filamentation growth in the coronal plasma. Only future experiments can determine whether the filamentation instability becomes a significant issue in the long-scale-length plasmas expected under these conditions. Finally, one must state that the computer simulations are restricted to 2D, whereas three-dimensional effects, such as braiding of intense laser filaments [38] , are left for a future study.
Summary
In this paper, a quasi-static model for phase front deformation on beam filamentation has been presented. By comparing the model with 2D PIC simulations, the following processes have been identified as important: larger changes in δφ with the propagation distance implies a faster beam break-up; larger transverse gradients (dφ/dx) implies a faster beam break up; breakup effects caused by δφ happen almost instantaneously; and filamentation can be prevented in sufficiently narrow, sharp-edged channels. Experiments have been described in which the growth of the filamentation instability is shown to be in the region of I λ 2 ≈ 10 14 W cm −2 µm 2 , even on deployment of phase plates to improve the focal spot uniformity. The model has been used to identify a number of scenarios where the deleterious nature of the instability can be controlled.
